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REFINEMENTS OF A REVERSED AM-GM OPERATOR 

INEQUALITY 

MOJTABA BAKHERAD 


Abstract. We prove some refinements of a reverse AM-GM operator inequality 
due to M. Lin [Studia Math. 2013;215:187-194]. In particular, we show the 
operator inequality 

{AV^B + 2rMm{A-^y B-^ - {A^uB) , 


where A, B are positive operators on a Hilbert space such that 0<m<A, B<M 
for some positive numbers m,AI, $ is a positive unital linear map, v G [0,1], 
r = min{i^, 1 - z/}, p > 0 and a = max | 

4P Mm 


1. Introduction and preliminaries 

Let B(J^) denote the U^-algebra of all bounded linear operators on a complex 
Hilbert space with the identity I. In the case when dim,^ = n, we identify 
M{J^) with the matrix algebra M„ of all n x n matrices with entries in the complex 
held. An operator A G B(is called positive if {Ax, x) > 0 for all x G and 
we then write A > 0. We write A > 0 if A is a positive invertible operator. For 
self-adjoint operators A, B ^ M(J^) we say that A<B if B — A>0. The Gelfand 
map f{t) I—;> /(A) is an iso metrical ^-isomorphism between the C'*-algebra C'(sp(A)) 
of continuous functions on the spectrum sp(A) of a self-adjoint operator A and the 
U*-algebra generated by A and If f,g E C'(sp(A)), then f{t) > g{t) {t G sp(A)) 
implies that /(A) > g{A). 

Let A,Be B(J^) be two positive invertible operators and v G [0,1]. The oper¬ 
ator weighted arithmetic, geometric and harmonic means are dehned by A'V^^B = 
(1 — z/)A -|- uB, A|l,yi? = A^ ^A^ BA~^ ^ A^ and A\i,B = ((1 — z/)A“^ -b vB~^) 
respectively. In particular, for z/ = | we get the usual operator arithmetic mean V, 
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the geometric mean jj and the harmonic mean !. The AM-GM inequality reads 

> m. 


for all positive operators A, B. It is shown in [10] the following reverse of AM-GM 
inequality involving positive linear maps 


$ 


A + B 


< 


[M + m) 




( 1 . 1 ) 


2 / AMm 

where 0<m< A, B<M and $ is a positive unital linear map. 

For two positive operators A,B ^ the Lowner-Heinz inequality states 

that, ii A < B, then 


AP < BP, 


(0 < p < 1). 


(1.2) 


In general (1.2) is not true for p > 1. Lin [10, Theorem 2.1] showed however a 
squaring of (1.1), namely that the inequality 

n2n 2 


$2 


A + B 


< 


[M + m) 
AMm 




as well as 




A + B 


< 


(M + m)" 


2\ 2 


2 y V AMm 
hold. Using inequality (1.2) we therefore get 


($(A)tt<F(iy))^ 


(I)P 


A + B 


< 


[M + m) 
AMm 


2\P 


^P{A^B) (0 < p < 2) 


(1,3) 


(1,4) 


(1.5) 


and 


(|)P 


A + B 


< 


[M + m 
AMm 


i2\ P 


(<l>(A)tl$(5))" (0<p<2), (1.6) 


where 0<m< A, B<M and $ is a positive unital linear map. 

In [13] the authors extended (1.3) and (1.4) to p > 2. They proved that the 
inequalities 


$p 


A + B 


< 


and 


$p 


A + B 


< 


(M + m) 
ApMm 

(M + m)^^ ^ 
2 

ApMm 


2\ P 


A>P{Am (p > 2) (1.7) 


($(A)««F(iy))^> (p>2), (1.8) 


where 0 < m < A, i? < M. In [4] and [12] the authors showed that 


4>P {AaB) < aPA>P {AtB) , 


( 1 . 9 ) 
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and 


{AaB) < aP , 


( 1 . 10 ) 


where {] < m < A, B < M, <h be a positive unital linear map, a, r be two arbitrary 
means between harmonic and arithmetic means, a = max < \ and 

I 4PMm 

p > 0. Choi’s inequality (see e.g. [1, p. 41]) reads 


4>(Al)-^ < <h(A-i), 


( 1 . 11 ) 


for any positive unital linear map <h and operator A > 0. Choi’s inequality cannot be 
squared [10], but a reverse of Choi’s inequality (known as the operator Kantorovich 
inequality) can be squared, see e.g. [11]. 

In this paper, we present some rehnements of inequalities (1.5) and (1.6) under 
some mild conditions for 0 < p < 1 and some rehnements of inequalities (1.7) and 
(1.8) for the operator norm and p > 2. We also show a rehnement of the operator 
Polya-Szego inequality. 


2. Main results 

We need the following lemmas to prove our results. 

Lemma 2.1. [3] Let A^B > t). Then 

li/iB|i<lp + Biy 

Lemma 2.2. [8] Let A,B>Q and p > 1. Then 

\\AP + BP\\ < \\{A + BY\\. 

Lemma 2.3. Let A^B > t) and a > 0. Then A < aB if and only z/||y4^i?^|| < . 

Proof. Obviously, A < aB if and only if AB^ < a. By dehnition, this holds if 
and only if < a and the proof is complete. □ 

Lemma 2.4. [4] Let t) < m < A^B < M, ^ be a positive unital linear map and a, 
T be two arbitrary means between harmonic and arithmetic means. Then 

^{AaB) + Mm^~^{ATB) < M + m. 

In the next proposition we extend the inequalities (1.9) and (1.10) to p > 2 and 
the inequalities (1.7) and (1.8) to arbitrary means between harmonic and arithmetic 


means. 
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Proposition 2.5. Let 0 < m < A, B < M, ^ he a positive unital linear map, a, r 
he two arbitrary means between harmonic and arithmetic means and p > 0. Then 


(AaB) (AtB) + ^-P (AtB) (AaB) < 2aP 

j r (M+nip '1 

where a = max < \., ' , —— >. 

I ’ 4FMm / 


tJ X 
X* tl 


> 0 , 


Proof. By [5, Lemma 3.5.12] we have that ||X|| < t if and only if 

for any X G B(Jf'). If 0 < p < 1, then a = ■ Applying inequality (1.9) and 

Lemma 2.3 we get 

\\<^P{AaB)<l>-P{ATB) II < aP. 


Hence 


and 


Hence 


aPJ ^P (AaB) <|) p {AtB) 

^~P {AtB) ^P {AaB) aPJ 

aPJ {AtB) {AaB) 

{AaB) {AtB) aPJ 


> 0 


> 0. 


/ 2aPI <^-P {AtB) {AaB) + {AaB) {AtB) \ 

y {AaB) {AtB) + {AtB) {AaB) 2aPI ) 

is positive and the desired inequality for 0 < p < 1. Using inequality (1.9) with the 
same argument, we get the desired inequality for p > 1. □ 


Now, we are ready to present our main result. We need the following lemma, 
proved in [7]; (see also [2]). 


Lemma 2.6. [7] Let a,b > 0 and v G [0,1]. Then 

a^-’^b'' + r(\/a — Vb)'^ < (1 — i^)a + (2.1) 

where r = minji^, 1 — z/}. 


Theorem 2.7. Let 0 < m < A, B < M, ^ be a positive unital linear map, v G [0,1] 
and p > 0. Then 

{AV^B + 2rMm{A-^VB-^ - A-^^B-^)) < 0 ^$^ (A^^H) (2.2) 

and 

<^>P {AVyB + 2rMm{A-^VB-^ - ($ (A) {B))P , (2.3) 

where r = min{z^, 1 — z/} and a = max | 

I PP' AP Mm J 
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Proof. We prove first the inequalities (2.2) and (2.3) for 0 < p < 2. Since 0 < m < 
A, B < M we get that 

A + MmA~^ < M + m and B + MmB~^ < M + m. 

Therefore, for a positive unital linear map <h we have 

<h(A) + Mm^{A~^) < M + m 

and 

<h(i?) + Mm^{B~^) < M + m. 

Obviously we have also the inequalities 

<h((l — i')A) + Mm<h((l — v)A~^) < (1 — z/)M + (1 — i')m 


and 


^{vB) + Mm^{vB ^) < vM + vm. 
for any v G [0,1]. Summing up, we therefore get 

^{AV^B) + Mm$((l — i')A~^ + h'B~^) < M + m. (2.4) 


Moreover, by using the inequality (2.1) and functional calculus for the positive 
operator A^B~^A^ we have 


{a-^b-^a^ 



u) + uA^^B ^Ak 


Multiplying both sides of the above inequality both to the left and to the right by 
A^ we get that 


A-^H^B-^ + 2r (A-WB-^ 


A-^tlB-^) < (1 - iy)A-^ + iyB-\ 


(2.5) 
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Applying (1.11), (2.4), (2.5) and taking into account the properties of $ we have 


11 $ {AV^B + 2rMm{A-^VB-^ - A-^B-^)) Mm^-^{AtB)\\ 

< ^ ||$(AV^5 + 2rMm{A-^VB-^ - A-^B-^)) + Mm$"^(A^^5)| 


(by Lemma 2.1) 


< ^ ||$(AV^5 + 2rMm{A-^VB-^ - A’^^E"^)) + Mm^{A-\B-^) |f 

(by inequality (1.11)) 

= ^ ||$(AV^5) + Mm^{A-\B-^ + 2r{A-^VB-^ - A-^B-^))f 

< - ||$(AVyi?) + Mm$((l — i')A~^ + 1/5“^) 11^ (by inequality (2.5)) 


4 

< -(M + m)^ 

- 4^ 


(by inequality (2.4)). 


Therefore 


1$ {AV^B + 2rMm{A-^VB~^ - A-^^E"^)) ^-\Ai^B)\\ < 


(M + m)" 

AMm 


( 2 . 6 ) 


Hence 


(M + m 


AMm 


$2 (AV^H + 2rMm{A-^S/B-^ - A-^^E"^)) < 

Since 0 < p/2 < 1, by inequality (1.2) we have 

/ (M + ^ 

(AV^H + 2rMm{A-WB-^ - A-^^B-^)) < (^ 


$2 . 


AMm 


^^{AtB). 


Thus we get the inequality (2.2) for 0 < p < 2. We prove now (2.3) for 0 < p < 2. 
Applying Lemma 2.1 and then inequality (2.2) we have 


11$ (AV^H + 2rMm{A-^VB-^ - A-^^H”^)) Mm($(A)^^$(H))-^|| 

< ^ ||$(AV^H + 2rMm{A-^VB~^ - A-^^E"^)) + Mm($(A)^^$(H))-^ 

(by Lemma 2.1) 

< ^ ||$(AV^H + 2rMm{A-^VB~^ - A“^^5"^)) + Mm$“^(A^^H)||^ 

< + m)^ (by inequality (2.6)). 

Hence the inequality (2.3) for 0 < p < 2. 

Now, we prove the inequalities (2.2) and (2.3) for p > 2. Then, by Lemma 2.1 and 
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2.2 we get 


p p 


<l>2 {AV^B + 2rMm{A-^VB-^ - A-^^B-^)) 
$2 {AV^B + 2rMm{A-WB-^ - A-^^B-^)) 


1 

< - 
- 4 


< 


{AV^B + 2rMm{A ^VB ^ 
^{AVuB + 2rMm{A~^'V B~^ 


A-^\^B-^)) + M2m2(l>^{A\^^B) 
A-^^B-^)) + Mm<^-\AI^B) 



^{AW^B + 2rMm{A-^VB-^ - A-^^B-^)) + Mm^-\A^^BW 


< -{M + my. 

Hence we get the inequality (2.2) for p > 2. Further, we have 




< 


< 


{AV^B + 2rMm{A-^VB-^ - A-^B-^) ($ (H) {B)p 
$§ + 2rMm{A-^VB~^ - A-^B-^) M§mi ($ (H) (B)) 

$2 + 2rMm{A-^VB-^ - A-^B-^) + Mimi (<F (H) ^^4* (H))^ 

+ 2rMm{A-^VB-^ - A-^B-^) + Mm ($ (H) ^^4* (H)) 


£ 

-1 \ 2 


-IIIP 


= ^ ||$(HV^H + 2rMm{A-^VB-^ - + Mm (<F (H) (H)) 

< ^ ||$(HV^H + 2rMm(H-VH-^ - A-^B'^) + |1^ 

< -(M + mV. 

- M 

Thus we get the inequality (2.3) for p > 2 and this completes the proof of the 
theorem. □ 


Remark 2.8. Let 0 < m < A, B < M, $ be a positive unital linear map. If 0 < p < 1, 
then, obviously, 

(HV^H) < ($ (AV^B) + 2rMm$ {A-^VB~^ - . (2.7) 

Hence the inequality (2.7) shows that Theorem 2.7 is a rehnement of inequalities 
(1.5) and (1.6) for 0 < p < 1. 
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We also have 

{AW^B) < {AVuB) + {2rMmY^'P (A”- A-^B-^) , 

where p > 1, G [0,1] and r = min{z/, 1 — v}. 

Hence 

||$P (HV^H)II < ||$P + (2rMm)^’$P {A-^VB-^ - A-^B-^) || 


< 


(^AVuB + 2rMmA ^VB ^ — A (by Lemma 2.2). 


Therefore, Theorem 2.7 is a rehnement of the inequalities, (1.7) and (1.8) for the 
operator norm and p> 2. 

The following examples show that inequality (2.2) is a rehnement of (1.5) and 

(1.7). 


Example 2.9. If H = 


1.75 0.433 

0.433 1.25 


,B = 


2.5 0.5 
0.5 2.5 


, 4(.Y) = itr(X) (Xe 


M 2 ), m = l, M = 3, 1 ^ = 1 and p = 3, then AV^B = 
AVuB + 2rMm (H"^ - A-^B-^ = 


2.1601 0.4260 
0.4260 2.0016 


2.1250 0.4665 
0.4665 1.8750 

. Hence 


and 


4>^ {AV^B + 2rMm (A-WS"^ - A-YB~^)) - = 9.0095 - 8 = 1.0095 > 0. 

V 2 

Example 2.10. Let <I)(X) = T*XT {X E M 2 ), where T = ( ^ 


. If 


A = 


5 -2 

-2 5 


B = 


4.75 0.433 

0.433 4.25 


2 2 

1 -5 


,m = 3, M = 7, 1 ^ = 1 and P = |, then 


= 


4.8750 -0.7835 

-0.7835 4.6250 

5.0283 -0.7730 

-0.7730 4.7909 


and AXuB + 2rMm {A ^VB ^ — A ^) = 


Hence 


(AV^B + 2rMm {A-^B-^ - A-^^B-^)) - ^l{A\/^B) = 


0.7838 -1.0172 

-1.0172 0.7199 


> 0 . 


Corollary 2.11. Let 0<m< A, B<M and ^ be a positive unital linear map. 
Then 

'A + B 




+ Mm{A-^XB-^ - A-YB-Y < (A^B) 
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and 

($ (A) ^ {B)Y . 

Proof. Take r = o = ^ in Theorem 2.7. □ 

If the positive unital linear map *h(A) = A [A ^ then we get from 

Theorem 2.7 the following reverse AM-GM ineqnalities, which improve the reversed 
AM-GM ineqnality (1.1). 

Corollary 2.12. Let 0<m< A, B<M. Then, the inequalities 

+ MmiA-^WB-^ - A-^^B-^)J < (A^Bf (0 < p < 2) 

and 

- yl-'JB-'))' < i'itBr (p > 2). 

hold. 




The operator Polya-Szego ineqnality states that 




2yrnM 




where 0 < < A < Mf, 0 < ml < B < M|, m = ^ and M 

operator Kantorovich inequality says that 




A/2 + ^2 

2mM 


( 2 . 8 ) 
Also the 


(2.9) 


where 0 < < A < M^, 0 < < B < M|, m = M = see [6]. 

In the following result we show some refinements of (2.8) and (2.9). 


Theorem 2.13. Let ^ be a unital positive linear map, 0 < ml < A < Mf, 0 < 
ml< B < Ml m = M = 

Z — — Z ’ Ml ’ 1712 

1 / _ 1 \ A/f _|_ 

mmiB) + 2 [VM^<t>{A) + - 2 mAmB))j < ( 2 . 10 ) 

In particular, if B = A~^, then 

1/^1 \ ]\/f‘^ Tfl‘^ 

- 2 ($(A)tt$(T-i)) j < 

Proof. If 0 < 772,2 < A < Mf and 0 < ml < B < Ml then 


mf = 


m 


Ml 


< A 2 BA 


< 


Ml , ,2 

—- = M^ 

ml 
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whence 

(^M - >0. 

Hence 

MmA + B < {M + m)A^B, 

whence 

Mm^{A) + $(H) < (M + m)^{A^B). (2.11) 

Using lemma 2.1 for the operators $(i?) and | we get 

UMm($(A)jl$(B)) + i + $(B) - 2/Mm ($(A)tt$(B))) < ^ (Mm$(A) + $(B)). 

( 2 . 12 ) 

Applying inequalities (2.11) and (2.12) we get the hrst inequality. In particular, if we 
consider m\ = m? < A < = Ml, then by putting < A~^ < ;^ = Af| 

in (2.10) we reach the desired inequality. □ 

If we take <I> in (2.10) to be the positive linear map dehned on the diagonal 
blocks of operators by <h(diag(Ai, • • • , A^)) = ^ YTj=i then we get the following 
rehnements of a reversed Cauchy-Schwarz operator inequality. 


Corollary 2.14. Let 0 < ml < Aj < Mf, 0 < ml < Bj < M| (1 < j < n), 
m = M = ^. Then 

Ml ’ 7712 


vi=i i=i 


1 

2 


Attss: E 2 ( E E A 


y/Mm ^ 

.7 = 1 .7 = 1 


0=1 J =1 


< 


M + m 
2y/mM 


E A#A 


Proposition 2.15. Let 0 < m < A < M and x G . Then 

{Ax,x)^ {A~^x,x)^ + E 1 ^ tvIm{Ax,x)^ - ^ ^ {A~^x,x)^ 

2 \ -^Mm 


M + m 2 
< — (x,x) 


2Um7 
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